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Analytical methods in performance-based earthquake engineering (PBEE) typically employ suites of ground
motion records to run dynamic analysis of a structure’s computer model. The sample size of ground motions used
in this context, affects the estimation uncertainty that underlies the seismic risk metrics thus obtained. This
article presents R2R-EU (record-to-record estimation uncertainty), which is a PBEE software tool that numeri-
cally implements various schemes for estimating structure-specific seismic fragility and for the quantification of
the estimation uncertainty behind seismic risk estimates, emanating from record-to-record variability in struc-
tural response. The software accepts as input the results of structural dynamic analysis to a set of accelerograms
and seismic hazard curves. Estimation uncertainty is quantified by providing statistics, such as mean and vari-
ance, of the estimators of the failure rate and the fragility parameters (where applicable) and possibly their
distribution. The user can choose the analysis method among some resampling and/or simulation schemes
belonging to the bootstrap family, the delta method and other solutions from probability and statistics theory.

1. Introduction

Seismic assessment or design of a structure according to the
performance-based earthquake engineering paradigm (PBEE) typically
involves the evaluation of the rate of earthquakes causing failure of the
structure, s, via Equation (1):

by [P =in- di|, @

m

where P[f|IM = im] is the structural fragility. It is a function providing the
conditional probability of failure given a certain value im of a ground
motion intensity measure IM. The term |dl;,| depends on the derivative
of the hazard curve, which provides the annual rate 1;,, of exceeding
each im value at a the site of interest.

Both terms under the integral of Equation (1), can be affected by so-
called estimation uncertainty, since both functions have to be deduced
from available (i.e., limited) data. The work presented herein primarily
deals with estimation uncertainty affecting the fragility function. In fact,
the evaluation of the fragility term is often based on the results of
nonlinear dynamic analysis of a numerical model, which is subjected to
a set (i.e., a limited sample) of ground motions, in order to capture the
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record-to-record variability of structural response (e.g. Ref. [1]). Thus,
when a structure’s probability of failure-given-intensity is inferred from
a sample of structural responses from dynamic analysis, that only con-
stitutes an estimate of the fragility function. As a consequence, any
seismic risk metric calculated on the basis of that fragility, such as the
failure rate, is also an estimate, henceforth indicated as ﬁf, of the un-
known true value /. In other words, any probabilistic model for struc-
tural fragility that is based on that limited sample of structural
responses, will be affected by estimation uncertainty and that uncer-
tainty will be propagated to the estimator of the failure rate Ef (e.g.
Ref. [2]).

The focus of this article is the presentation of the PBEE software tool
R2R-EU (record-to-record estimation uncertainty), which was developed in
MATLAB® with a dual purpose: (i) estimating structure-specific seismic
fragility, based on dynamic analysis, and (ii) quantifying estimation
uncertainty, emanating specifically from record-to-record variability of
seismic structural response, and the extent to which that uncertainty
propagates unto risk metrics, such as the failure rate. The R2R-EU tool
considers various consolidated nonlinear analysis strategies used in
PBEE, such as incremental dynamic analysis (IDA [4]), multi-stripe analysis
(MSA; e.g. Ref. [5,6]) or cloud analysis, in the context of Cornell’s seismic
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reliability method [7]. The software (available via a page on the website
www.reluis.it) offers several alternatives for the definition of the
fragility function, and implements a series of statistical inference
methods based on resampling and/or simulation schemes belonging to
the bootstrap family [8], the delta method [9] and direct application of
formulas from statistical inference theory. In the remainder of this
article, first a brief overview of the methodologies for quantification of
estimation uncertainty used in R2R-EU is provided, in tandem with a
review of the corresponding alternative approaches used for conducting
dynamic analysis and for evaluating structural fragility. Subsequently, a
brief operational description of the software capabilities is given, and an
example application is provided, followed by some concluding remarks.

2. Estimation uncertainty in fragility functions and seismic risk

As highlighted in the introductory discussion, the R2R-EU tool deals
with the definition of structure-specific seismic fragility and with the
quantification of that part of estimation uncertainty in the failure rate,
that can be attributed to the record-to-record variability of structural
response. The latter can be provided by one of the methods mentioned in
the introduction; i.e., IDA, MSA and cloud. IDA involves progressively
scaling each ground motion in a set, so as to cover a broad range of IM
levels, and running dynamic analysis, ideally until the numerical model
experiences instability that can be interpreted as side-sway structural
collapse [10]. A measure of structural response, often termed an engi-
neering demand parameter or EDP, is being registered at each IM level.
The output of this analysis is a set of EDP-IM curves, equal in number to
the number of ground motion records used (Fig. 1a). On the other hand,
MSA involves the use of different sets of — ideally unscaled — accelero-
grams per IM level, chosen to represent the seismic scenarios causing
that level of shaking at the construction site as indicated by disaggrega-
tion of seismic hazard [11]. The output of MSA is a set of EDP responses
at fixed IM values (Fig. 1b). Cloud analysis uses a set of unscaled
accelerograms to perform dynamic analysis so that at each record rep-
resents a single IM value and corresponds to a single EDP response. The
output is a cloud of points (Fig. 1c), hence the name.

Given the output of dynamic analysis, the strategy for analytically
evaluating a fragility function often branches into one of two ap-
proaches: the IM-based approach and the EDP-based approach; IM-based
fragility estimation is suitable within the IDA framework, while EDP-
based can be applied in both IDA and MSA settings. In both cases, it is
assumed that a threshold EDP, indicated as edpy, can be defined, so that
its exceedance will be tantamount to failure, that is, P[f|IM = im] =
PIEDP > edpy|IM = im|. In the IM-based approach, a new random vari-
able (RV) needs to be introduced: the IM-value causing failure, denoted
as IMy, which is, in principle, different for each record. After the analysis
has been concluded and the IDA curves become available, a sample of
the RV can be obtained by finding the intersection, ims; , between the
vertical line passing through edp; and the i-th IDA curve, i = {1,2,...,n}
(Fig. 2a). The fragility function may then be considered as the proba-
bility of IMy being equal or lower than the level of seismic intensity
possibly occurring at the site; i.e., P[f|IM = im| = P[IM; < im. It is also
possible to assign a parametric model to the distribution of IM; and a
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typical choice is the lognormal model, which is completely defined by
mean 7 and standard deviation f of the logarithm of IM;. In that case,
fragility can be expressed using the standard Gaussian function, @(-):

PIf|IM = im) = P[IM; < im] = ®[(In(im) — 7)) / f]. )

The two parameters {7, } are generally unknown and one way to

obtain estimates of these parameters, {7, 3}, is by using the sample of
responses resulting from IDA according to Equation (3):

n=n" Z In(imy,),
=1

a %"‘ DS finGim) — ) @

i=1

where n represents the number of IDA curves and is therefore equal to
the number of records used and imy; is the intensity that one needs to
scale the i-th record (out of n in total), in order to cause failure of the
structure. Of course, it is not necessary to assume a parametric model for
IM-based fragility; in fact, a non-parametric representation can be ob-
tained directly from the sample of IMy values, according to Equation (4):

n

Plf|IM=im]=n"" ~Zl_:11(,m/&.m), @)

where Liim, <im) is an indicator function that returns 1 if imy; < im or 0 if
imys; > im. The use of estimation uncertainty as a means for determining
the number of records to use in IM-based fragility derivation was
explored in Ref. [3].

Structural fragility can also be computed by following an EDP-based
approach. In fact, the EDP-based method works both for IDA and MSA;
in this case, EDP responses are obtained at discrete (fixed) IM levels.
When these EPD responses are plotted against the corresponding IMs,
they are arranged in horizontal stripes (e.g., Fig. 1b), one for each level
of shaking intensity considered. By counting the fraction of records in
each stripe that cause the exceedance of the limit state threshold, edpy,

the estimation of the fragility parameters {7, ﬁ} can be carried out via
maximum likelihood, according to Equation (5), which is from Ref. [12]:

g () ornlo =)
+(n— q,-)'l“{l - q’[%} }ﬂ

where u is the number of IM levels considered (i.e., the number of
stripes, each stripe containing responses from n records), and g; is the
number of failures observed at the stripe corresponding to IM = im;
(Fig. 2b), when edp;, i={1,..,n}, j={1,..,u} represents the single
structural response recorded at the i-th record of the j-th stripe. In this
formulation, cases of non-convergent analysis (referred to as collapse
cases) due to the numerical model coming too close to highly-nonlinear
behaviour associated with incipient instability, say ¢; in number, are also
counted in g; and are therefore accounted for, despite the potential lack
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Fig. 1. Example of IDA curves of an inelastic frame structure (a); EDP responses of a non-linear structure at four IM levels obtained via MSA (b); EDP-IM response for

the same structure obtained via cloud analysis (c).
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Fig. 2. Intersection of threshold line with IDA curves and fitted probability density function (a); maximum likelihood fit of a lognormal fragility function to the

results of MSA (b); fit of lognormal fragility on normal probability paper (c).

of a meaningful EDP value [10]. At this point it should be noted that, in
cases where the observed numbers of failure g; remain excessively low
over all stripes considered, the maximum likelihood estimates implied in
Equation (5) can suffer from numerical problems. One viable alternative
for considering fragility, consistent with the EDP-based approach, is the
three-parameter-per-intensity model adopted by Shome and Cornell
[101, given by Equation (6):

In(edpr) = Ty (eom,
Pl —im) - (1) q{(ﬂ)"u

in(EDP)

} +9 6)
n

where ¢; is the number of observed collapse cases at the j-th stripe, ac-

cording to the previous definition, and 7, (pp) = (n-g)*
e ~2 1 e

Z(:q c})ln (edpij> and Pin(eopy) = (n—c—1) Zl(jl 2 [hl (edpij)*

2
h\ln(EDP,v ) ] are the mean and variance of the logarithm of EDP, at IM =

im;, respectively. They are provided by structural analysis and not
affected by numerical instability (no-collapse cases). Note that this
approach provides fragility at the discrete intensities IM = im;, rather
than as a continuous function of IM.

Another alternative procedure is to plot the failure probabilities per
stripe, P[f|IM = im;] obtained from Equation (6), on a normal probability

paper and estimate the parameters {7, ﬁ} via least squares fitting of a
line. For this procedure, the values of the standard normal variable, Z,
corresponding to the failure probabilities are calculated as gz =
&1 (P[f|IM=im;)) , for which it can be assumed that, on a normal
probability paper [13], a linear relationship of the form Z= — 7 /ﬁ—«—
¢! /3)-ln(im) should hold; e.g., Fig. 2c. In this case, the least squares
estimate for {ﬁ.ﬁ} is given directly from the normal equations of the
regression problem.

All of the aforementioned approaches for estimating a fragility
function (which may entail assigning a parametric model or not) have
been implemented in R2R-EU. They also allow to quantify the estima-
tion uncertainty in the failure rate, used in conjunction with method-
ologies of statistical inference. These methodologies are: parametric or
non-parametric resampling plans (generally belonging to the bootstrap
family), the application of known results for the distribution of the es-
timators of the lognormal parameters, and the delta method, which is
based on Taylor series expansion of either the risk integral or the for-
mula from Cornell’s seismic reliability method.

2.1. Estimators of the Gaussian distribution’s parameters

If structural fragility is assumed lognormal, the estimators of the

. . e . ~2 . .
parameters logarithmic mean (7) and variance (f ), obtained according

to Equation (3), have known distributions. The estimator 7 is distributed
as a Gaussian with mean and variance equal to 7 and #?/n respectively

(but assumed equal to 7 and ﬁz /m; i.e., n and f? are substituted by the

available point estimates), while ﬁz -(n—1) /p? is chi-squared distributed

withn — 1 degrees of freedom. Since the failure rate is a function of these
two stochastically independent RVs, shown here as Equation (7):

3G B = /IM@[an(im) )/ Bl \da, @

it follows that the mean and variance of If can be evaluated (in R2R-EU)
using their known densities.

2.2. Bootstrap

The bootstrap is a statistical inference process, which is based on
taking an original data set and generating, so-called, bootstrap samples by
resampling the original data with replacement. The bootstrap samples
have the same size as the original. This resampling process is imple-
mented in R2R-EU for three cases: non-parametric IM-based fragility
derived from IDA, EDP-based fragility using the three-parameter model
of Equation (6) and EDP-based fragility with parameter estimation via
the normal probability paper procedure.

In the case of IM-based non-parametric fragility, the bootstrap
implementation takes the original n-size sample of IM; realizations
already available from IDA, {imy;, imysy, .., ims,}, and generates an
arbitrary number, m, of bootstrap samples {imy ,,im; 5, ..,im;  }, where
k = {1, .., m}. Subsequently, a Monte Carlo simulation is performed,
where, for each bootstrap sample, Equation (1) is used to compute a

bootstrap replication of the failure rate, E}‘k. Then, the mean and variance
of the failure rate estimator (denoted via the operators E[-] and VAR[],
respectively) are evaluated using the simulations results according to
Equation (8):

EPf} :m"'giik )
VAR Pf] =(m-1)" Z (IM - EPf] )2. ©)

k=1

In the case of EDP-based fragility, the bootstrap process starts from a
set of n x u EDP responses, available from either MSA or IDA and
denoted as previously by edp;;, obtained from n records (i= {1, ..,n}) at
each one of uIM levelsj = {1,..,u}, denoted as {im; ,im,,..,im, }. As a first
step, the EDP responses at each IM level (stripe), are resampled with
replacement m times, resulting in new sets of responses at the j-th stripe
(i.e., bootstrap samples) {edp;,, edpy; -, edpy;}, k = {1,..,m}. Sub-
sequently, at each and every j-th,j = {1,..,u}, stripe of the k-th bootstrap
sample, k = {1,..,m}, the responses cj*_k, corresponding to collapse cases,
are identified, and the probabilities of failure, Pi[f|IM = imj], are
calculated according to Equation (6).

In the case of the three-parameter model, the k-th bootstrap repli-
cation of the failure rate, Efk is evaluated according to Equation (1),
while the mean and variance of the estimator are again evaluated ac-

cording to Equation (8). In the case of EDP-based lognormal fragility
whose parameters are estimated via linear fit on normal probability
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paper, new parameter estimates {ﬁkﬁk} k ={1,..,m}, are obtained for
each bootstrap sample via least squares. Then bootstrap replications I}.k

are calculated by substituting the parameters {ﬁ;, Ek} into Equations (2)
and (1). Finally, Equation (8) is used to obtain the statistics of the failure
rate estimator, same as before.

2.3. Parametric bootstrap

When a parametric model is assumed for the fragility function, the
mean and variance of the failure rate’s estimator can be inferred via a
parametric version of the bootstrap. In the parametric version, bootstrap
samples can be extracted directly from the assumed fragility model,
rather than by means of resampling the original dataset. In R2R-EU this
is implemented for both cases of IM- and EDP-based lognormal fragility
(in the EDP-based case, when parameter estimation occurs via maximum
likelihood). In the IM-based case, the n values of IM; obtained from IDA,
{imy,1,ims,..,imys , }, are used to derive the reference lognormal fragility
parameters {7, ﬁ} via Equation (3). Subsequently, an arbitrary number
m of new bootstrap samples, {imy ., imy o, ..., im;  }, k = {1,.,m}, is
extracted from the reference distribution defined by {7, 8}, with each

new sample being of size n. Then, for the k-th out of m bootstrap samples,
a new fragility function is evaluated via Equation (3), having parameters

{ﬁ;,ﬁ;}, and the bootstrap replication of the failure rate Z}.k is computed
using these parameters and Equation (1). Finally, the mean and variance
of the failure rate estimator are calculated via Equation (8).

In the EDP-based case, the reference structural fragility parameters
{7, B} are obtained from the available responses via the binomial
maximum likelihood of Equation (5). Then, at the j-th stripe, corre-
sponding to IM = im;, j = {1,..,u}, a number of m bootstrap samples is
extracted from the binomial distribution with parameter equal to p; =
@{[In(im;) —7] /B} (i.e., the parameter of binomial distribution is the
probability of failure). Each sample consists of n Bernoulli trials,
resulting in q]k failures and n — q;k survivals of the structure at the j-th
stripe of the k-th bootstrap sample. Subsequently, new lognormal pa-
rameters {ﬁ;, Bk} are obtained from the q] « failures, via Equation (5). It
is assumed that, during the bootstrap replications, the maximum like-

lihood estimate may run into numerical problems for a number of m,
bootstrap samples, out of a total m. With this assumption in mind, the

bootstrap replication of failure rate, Ef',k, is computed via Equation (1)
and then the mean and variance of the estimator can be evaluated ac-
cording to:

(m=my)

EPf] =(m=m)" > Ay,

k=1
(n=my) , , 182
VAR Pf] =(m—m,—1)7" Y (2“ _E{’If} > . (€)
k=1

which only differs from Equation (8) in the fact that the simulation-
based statistics are calculated using a number of (m—m,) bootstrap
replications of the failure rate; i.e., only those that did not encounter
numerical issues.

2.4. Delta method

An alternative method for evaluating the mean and variance of Ef,
besides the bootstrap and the properties of the Gaussian function, is the
delta method. The delta method uses a Taylor series expansion to
approximate the expectation and variance of a RV and has been applied

Soil Dynamics and Earthquake Engineering 132 (2020) 106093

in the context of Cornell’s seismic reliability method in Ref. [2]. The
latter can be implemented using output from cloud analysis, which en-
tails a set of n ground motion records with variable intensities and the
corresponding sample of EDP responses. By performing linear regression
of In(EDP) against In(IM) and assuming that the logarithm of the hazard
curve, In(4m), can be approximately considered locally linear, the
annual failure rate can be estimated in closed-form as

Ar ~ ko-(edpy /@)~ ¥-exp|(K? /2-b2) (B + B2)], where ko and k are,
respectively, the slope and intercept of the In(4y) curve linearized
around the IM corresponding to edpy, @ and b are the slope and intercept

from the linear regression of In(EDP) against In(IM), B, is the standard
deviation of the residuals of In(EDP) given In(IM), which is estimated
from the regression and f is the logarithmic standard deviation of edpy,
which is assumed to follow a lognormal distribution. In this context, the
statistics of Ef can be approximated via Taylor series expansion, which
are given in Ref. [2]. The delta method can also be applied for the failure
rate estimator from Equation (7), under the assumption of lognormal
fragility. In this case the failure rate is regarded as a function of the
fragility parameters, that can undergo a Taylor series expansion, which
can also be found in Ref. [2] along with the necessary derivatives of Ef.
The advantage of the delta method, over the other procedures imple-
mented in R2R-EU, is that the closed-form expressions need only be
evaluated analytically once, after which the statistics of If can be ob-
tained with less computational effort with respect to the bootstrap.

3. R2R-EU, operational outline and illustrative application

R2R-EU runs behind a Mathworks MATLAB®-based graphical user
interface (see Fig. 3) which implements all of the methods illustrated in
the previous section for evaluating a fragility model and for quantifi-
cation of estimation uncertainty in the fragility parameters and in the
failure rate. Two sets of input data are needed to run R2R-EU: one
containing the hazard curve, and another containing the structural re-
sponses. For the hazard curve, there is the additional possibility of
directly importing output files from the REASSESS software [14]. In all
supported cases, after elaborating the hazard and dynamic analysis data,
R2R-EU provides the fragility model and the point estimates of the
fragility parameters (where applicable), the point estimate of the failure
rate and the mean and variance of the failure rate estimator. For the
cases where one of the bootstrap schemes is applicable, a
simulation-based approximation for the distribution of Ef is also pro-
vided, in the form of the histogram of requested bootstrap replications.
In cases where the chosen fragility model is parametric (lognormal) and
inference is conducted via a bootstrap process, the approximate distri-
butions of 7 and j are likewise provided, in the form of the histograms of
the corresponding bootstrap replications. The R2R-EU tool allows to
save and export results, in either MATLAB data file or ASCII text file
formats. More details on the workflow and input/output options, as well
as additional application examples omitted here for reasons of space,
can be found in R2R-EU user’s manual.

3.1. Illustrative application

In this section an application of R2R-EU is presented, using as case
study structure a four-story, plane, code-conforming, steel perimeter
moment resisting frame designed to ASCE-SEI 7-05 criteria [15]. The
structure is ideally located at a site near the town of Amatrice (central
Italy; lat. 42.53°, lon. 13.29°), for which the hazard curve (Fig. 3), in
terms of five-percent-damped spectral acceleration at the frame’s
first-mode vibration period Sa(T= 1.25 s) was obtained using REAS-
SESS, considering the Italian seismic source model used in the hazard
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Fig. 3. Graphical user interface for the application using IDA results from twenty (left) and fifty records (right).

assessment at the basis of the building code.

IDA is performed for the structure, using a set of fifty records, which
are scaled upwards until side-sway collapse. By considering a generic
limit state, which is nominally exceeded when a maximum interstorey
drift ratio (IDR) above 3.5% is recorded, the R2R-EU software is used for
the quantification of the failure rate’s estimation uncertainty. To this
end, the example uses two of the available strategies': the bootstrap for
non-parametric IM-based fragility (shown in Fig. 3) and the delta
method for lognormal fragility. The exercise is repeated in two versions:
the first only uses a randomly selected subset of twenty-out-of-fifty IDA
curves, while the entire set of fifty is used on the second go.

For the application of the bootstrap resampling method, first twenty
(and later fifty) records are used to build the empirical fragility curves.
In this case, five-hundred bootstrap extractions of the failure rate are
requested from R2R-EU, which leads to calculating the mean and vari-
ance of the estimator, according to the methodology outlined in para-
graph 2.2. These statistics are also calculated by means of the delta
method, under the lognormal assumption, and the whole process is
repeated using the structural response results from all fifty records; the
results provided by R2R-EU are summarized in Table 1, where the co-
efficient of variation reported in the last column is calculated as CoV;f

VAR[Ef]l/ 2 /E[If}. The similarity of the results obtained via the two ap-
proaches is evident in this example, along with the effect of the number
of records used.

4. Concluding remarks

This article dealt with R2R-EU, that is an interactive PBEE software
tool that can be used for quantifying the estimation uncertainty in
seismic structural risk assessment, due to record-to-record variability of
response. R2R-EU takes as input a hazard curve, the results of dynamic
analysis, which can be incremental dynamic analysis, multiple stripe
analysis or cloud analysis, and a threshold engineering demand
parameter that defines the demarcation line for failure. With this input,
the software first evaluates the structure-specific seismic fragility func-
tion. Subsequently, R2R-EU goes on to calculate a point estimate for the
annual failure rate and to evaluate the expected value and variance of
the rate’s estimator. These calculations can be performed while
assuming either a non-parametric representation for structural fragility
or a lognormal model or even when employing Cornell’s seismic reli-
ability formulation. R2R-EU is available at www.reluis.it.

1 Applications of the other strategies described above, not given here due to
space constraints, can be found in R2R-EU user’s manual.

Table 1
Statistics of the failure rate estimator for the considered example.
Method No. of r E[4y] VAR[%] CoV;/
records  [year~!] [year '] [year 2]
Non-parametric 20 1.53.10~* 1.57-10~* 2.20-10° 30%
bootstrap (IM- 50 15210~ 153104 48510710  14%
based)
Delta method 20 1.36:10°* 1.41.10* 1.82:10°° 30%
50 1.48.10°*  1.4810°* 46810710  15%
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